In this article, we present a comprehensive analysis of the flow and heat transfer characteristics of a fully developed incompressible, electrically conducting, and radiatively active fluid flow in micro-channel in the presence of transverse magnetic field. The Navier-Stokes and energy governing equations for magnetohydrodynamic flow, including thermal radiation and rarefaction effects, are considered to examine the wall properties (friction and heat transfer) and the flow properties (temperature and velocity). Two rarefaction effects of velocity slip and temperature jump at the wall are modeled as the product of characteristic slip/jump length and the first derivatives of velocity and temperature, respectively. Since the natural convection of magnetohydrodynamic flow in channel is resulted from the competition between deriving forces by pressure gradient, temperature gradient, and magnetic field, its flow and heat transfer characteristics should be understood systematically. First, we obtain the system parameters representing thermal radiation, buoyancy, magnetic field, temperature difference, velocity slip length, and temperature jump length through the non-dimensionalization process, and then their influences are rigorously evaluated by solving the governing equations numerically using RungeKutta algorithm with shooting method.
Introduction
Natural convection of magnetohydrodynamic (MHD) flow in vertical channels has been extensively studied for the last three decades. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] Osterle and Young 1 first discussed the effect of viscous dissipation and applied magnetic field for the fully developed natural convection for a fluid between two heated walls. They derived an analytic solution with negligible viscous and electrical dissipation. Poots 2 included the heat source and Joule heating. Fan et al. 3 introduced a uniform heat flux at the wall for this system and analyzed it with finite difference formulation. Soundalgekar and Haldavnekar 4 studied various aspects of the natural convection with non-perfect thermally conducting plates. Yang and Yu 5 numerically investigated the entrance problem of convective MHD channel flow between two parallel plates subjected simultaneously to an axial temperature gradient and a pressure gradient. Wu and Cheng 6 examined the onset of instability in the thermal entrance region of the system. Javeri 7, 8 investigated the combined influence of Hall effect, ion slip and the temperature boundary condition of the third kind on the MHD heat transfer by employing the Galerkin-Kantorovich method of variational calculus. The existence and uniqueness of solutions to the governing equations for natural convection of MHD flow were discussed by Meir. 9 Attia and Kotb 10 focused on the effect of wall motion with giving upper plate a constant velocity while the lower plate is kept stationary. Umavathi and colleagues 11, 12 compared the solutions from perturbation series method and finite difference technique. The effect of Joule heating and viscous dissipation in the flow is thoroughly investigated by Barletta and colleagues. 13, 14 Singh et al. 15 identified the unsteady characteristics of the flow. Another kind of the integral transform solution for low-magnetic MHD flow and heat transfer in the entrance region of a channel was proposed by Lima and Reˆgo. 16 Recently, the devices are miniaturized to enhance the performance, minimum energy consumption, size reduction, and so on. For the correct analysis of the natural convection MHD flow in vertical micro-channel requires the proper consideration of rarefaction effects at the wall, which appears as velocity slip and temperature jump. [17] [18] [19] [20] [21] [22] [23] [24] Bocquet and Barrat 18 present that both the velocity slip and the temperature jump can be modeled as the product of their first derivatives and the characteristic slip/jump length
Considering all the above, the purpose of this study is to investigate the natural convection of MHD flow in micro-channel with thermal radiation and rarefaction effects of velocity slip and temperature jump. The thermal radiation is also included because it could play a significant role in natural convection either in high temperature environment [25] [26] [27] [28] or with highly radiatively active medium. [28] [29] [30] This article is organized as follows: in the next section, we will have brief summary of the governing equations and boundary conditions, which are also available in the reference by Abdollahzadeh Jamalabadi et al., 31 then it will be followed by a comprehensive investigation about the natural convection of MHD flow in micro-channel by varying the series of system parameters such as radiation parameter, R d ; Grashof number, Gr; Hartmann number, Ha; thermal parameter, u R ; velocity slip length, l v ; and temperature jump length, l t . The heat transfer and wall friction at the wall will be presented with the Nusselt number, Nu, and the friction coefficient, C f . All the discussion will be summarized in the ''Conclusion'' section.
Governing equations
As shown in Figure 1 , a fully developed incompressible, electrically conducting, and radiatively active fluid confined by two planar plates under transverse magnetic field, B, is considered in this study. Two walls have different temperatures as T = T L at y = À L and T = T R at y = + L, and the right wall is hotter than the left (T R .T L ). The difference in temperature induces a natural convection in the channel. The width of channel, 2L, is assumed to be sufficiently small, so that the velocity slip and temperature jump are observable at the walls. Then, the velocity profile, u(y), of this system can be described with the following equation
where u is the fluid velocity in vertical y-direction, r 0 is the fluid density at reference temperature defined as T 0 = (T L + T R )=2, m 0 is the viscosity at T = T 0 , b is the thermal the thermal expansion coefficient, and s c is the electrical conductivity. In the above equation, the buoyancy force is modeled with Boussinesq approximation. 32 If the optical thickness of the medium is sufficiently large, the temperature profile inside the channel can be obtained from the following equation with Rosseland approximation 26, 31 
where T is the medium temperature, k is the thermal conductivity, s B is the Stefan-Boltzmann constant, and x is the absorption coefficient of the medium. As stated above, the velocity-slip boundary conditions are imposed at y = À L and
where l v is the velocity slip length. The temperature boundary conditions at wall consist of heat flux conservation and temperature jump relation
where l t is the temperature jump length. The velocity slip length and the temperature jump length are originated from the tangential momentum accommodation coefficient, s v , and the thermal accommodation coefficient, s t , respectively. They are defined as
where t i and t r stand for the tangential momentum of incoming and reflected molecules, respectively, and t w is the tangential momentum of re-emitted molecules, corresponding to that of the surface (t w = 0 for stationary surfaces), and
where e i and e r denote the energy flux of incoming and reflected molecules, respectively, and e w denotes the energy flux corresponding to the surface temperature. Now, the above equations can be nondimensionalized by introducing the following dimensionless variables
and
Then, the governing equations (3) and (4) are nondimensionalized as
In the above equations, the radiation parameter, R d ; the Grashof number, Gr; the Reynolds number, Re; and the Hartmann number, Ha, are the nondimensionalized parameters representing the magnitude of the thermal radiation, the buoyancy force, the ratio of inertia to medium viscosity, and the strength of magnetic field, respectively. They are defined as
The temperature parameter, u R , defined as
represents the inverse of the temperature difference. The dimensionless forms of boundary conditions are shown as
The velocity slip length and the temperature slip length are also non-dimensionalized as
In addition, the friction and heat transfer characteristics at the wall are quantified with the skin friction coefficient and the Nusselt number
Re ð30Þ
Re ð31Þ
Results and discussion
In Figures 2-7 , the flow and heat transfer characteristics of the system in Figure 1 are comprehensively examined by varying the major system parameters of R d , Gr=Re, Ha, and u R , and the degree of rarefaction is represented by l v and l t . The non-dimensionalized governing equations (17) and (18) were numerically solved by employing the Runge-Kutta-Fehlberg method 33 with subject to the boundary conditions of equations (24)- (27) . Figure 2 (c) illustrates the effect of thermal radiation on the wall friction and pressure gradient. As R d increases, the wall friction coefficient gradually decreases at both walls, while the pressure gradient increases dramatically. For small R d , the wall friction is found larger at the right hot wall than at the left cold wall, while for large R d , the friction at the left wall is larger than the value at the right wall. It is because the larger temperature gradient at the left wall with large R d (see Figure 2 (a)) induces the larger velocity gradient there. The Nusselt number profile with R d is plotted in Figure 2 (d). For small R d , both Nus increase gradually in proportion to R d . However, when R d .10 À3 , a sudden increase is observed at the left wall due to larger temperature gradient.
The effect of natural convection, that is, buoyancy force, which is represented by Gr/Re, is illustrated in Figure 3 . Gr/Re varies from 1 to 30, while other parameters are fixed as R d = 10 À4 , Ha = 0:1, u R = 10, l v = 0:01, and l t = 0:01. As shown in Figure 3 (a) and (b), the velocity profiles are significantly influenced by Gr/Re, whereas the temperature profiles are insensitive to the change of Gr/Re, since the temperature difference causes the buoyancy force but the reverse is not true. The increase in buoyancy effect induces a larger velocity, which gives rise to the augmentation of the local peaks in velocity profile (see Figure 3(b) ). When Gr/Re is small (Gr/Re = 1), the buoyancy effect becomes negligible and the velocity distribution appears as parabola which is the profile in fully developed condition. However, even with Gr/Re = 1, the velocity is still a little larger in the left side of the channel (Y \0) due to the buoyancy. The effect of Gr/Re on the wall friction coefficient and pressure gradient is illustrated in Figure  3 (c). At the right hot wall, the C f Re monotonically increases in proportion to Gr/Re, while at the left wall, C f Re decreases first with the increase in Gr/Re and then increases with further increase in Gr/Re. It can be explained with velocity profiles in Figure 3(b) . In the left side of channel (Y \0), the sign of velocity is reversed (from negative to positive) as Gr/Re increases, while in the right side (Y .0) the velocity is always positive. Therefore, at the left wall the magnitude of dU/dY decreases initially as Gr/Re increases (U is negative) and then increases as Gr/Re further increases (U is positive). However, the pressure gradient is independent of Gr/Re. Finally, the effect of Gr/Re on the convective heat flux, represented as Nu, is shown in Figure 3(d) . As Gr/Re increases, Nu increases at the right wall because the velocity becomes more positive, whereas Nu decreases at the left well because the velocity becomes more negative. Figure 3 , the temperature and velocity profiles across channel are recovered to the conventional linear profile (conduction dominant) and parabolic distribution (Poiseuille flow), respectively, when the thermal radiation and the rarefaction effects are tiny along with mild natural convection (Gr=Re = 1, R d ( 1, l v ( 1, l t ( 1)-this is a kind of limiting case. It confirms the accuracy and verifies the computations in this study.
Also in
The influence of Ha, representing the magnetic field strength, is revealed in Figure 4 . The Hartmann number, Ha, varies from 0 to 15, while the other parameters are fixed as R d = 10 À4 , Gr=Re = 50, u R = 10, l v = 0:01, and l t = 0:01. According to equations (3) and (4), the temperature is not affected by the magnetic field as shown in Figure 4(a) . However, the effect of Ha on the velocity is significant: the initial sinusoidal velocity profile becomes flat as the magnetic field is intensified (see Figure 4(b) ) because the magnetic field generates a resistive force against the fluid flow. The effect of Ha on the wall friction and pressure gradient is depicted in Figure 4 (c). As Ha increases, both the left and right wall friction coefficients decrease initially, reach minimum, and then increase. Also, dp=dx increases rapidly with Ha because the Lorentz force provoked by the magnetic field induces the resistive flow against the natural convection. The effects of Ha on the left and right Nus are compared in Figure 4(d) . When Ha is small, the friction is found greater at the right wall than at the left wall. However, as Ha increases, Nuj y = ÀL and Nuj Y=+L approach to a single value of 2.5 rapidly.
The effect of thermal parameter, u R , representing the temperature difference, is shown in Figure 5 . In the figure, u R varies from 0.1 to 5, while the other parameters are fixed as R d = 10 À2 , Gr=Re = 100, Ha = 0:1, l v = 0:01, and l t = 0:01. As seen in Figure 5 (a), u R control the overall medium temperature: u increases in proportion to u R . The responses of u to u R are similar to those to R d (see Figure 2(a) ): the degree of increment is gradually reduced as approaching to the hot wall. Since the velocity in natural convection is mostly determined by the temperature distribution, the velocity profile in Figure 5(b) is also similar to the curve in Figure   2 (b): With the increase in u R , the peak values are reduced while maintaining the sinusoidal shape in velocity profile, which indicates that the natural convection is weakened as u R increases and the temperature gradient across the channel is reduced. The effect of u R on the pressure gradient and wall friction is illustrated in Figure 5(c) . With the increase in u R , the wall frictions are reduced in overall. However, the degree of reduction is different depending on the wall temperature (more reduction at the hot wall), therefore Figure 5 (c) presents that after a slight decrease for u R \0:5, the pressure gradient increases dramatically. Similar to Figure 2(d) , the Nusselt number increases in proportion to u R (see Figure 5(d) ).
The effect of velocity slip, represented by the nondimensionalized slip length, l v , is observed in Figure 6 . The non-dimensionalized slip length, l v , varies from 0 to 0.05, while the other parameters are fixed as
À2 , Gr=Re = 50, Ha = 0:1, u R = 0:1, and l t = 0:01. The velocity slip affects the flow velocity only (see Figure 6(b) ), while the temperature profile does not change regardless of the change in l v (see Figure 6 (a)). When l v = 0, the velocity diminishes to zero at both walls, that is, no slip condition in conventional fluid mechanics. The increase in l v causes the fluid near wall to move downward (minus Y-direction). It can be explained with Figure 6 (c) describing the response of pressure gradient to the slip length. In Figure 6 (c), the pressure gradient increases with the increase in the slip length, which gives rise to the strengthened downward fluid motion in X-direction. Such effect of pressure gradient appears mainly near the wall because in the middle region away from the wall, the buoyancy is dominated over the pressureinduced deriving force. Then, the pressure effect enhances the velocity gradient at wall that is related with the wall friction. With the increase in velocity slip, the friction is reduced at the left wall, while the wall friction at the right wall increases. Such different behavior of wall friction is caused by the opposite flow direction at each wall (U \0 for Y \0, while U .0 for Y .0): in the left side of the channel, the entire fluid motion is enhanced by the downward velocity near the wall due to the increased dP=dX and the velocity gradient decreases with resulting in the augmentation in C f at the left wall. However, in the right side the medium flow flows in the opposite direction to that of the slipinduced velocity at the wall and dP=dX weakens the velocity peak in the right side and hence C f at the right wall is reduced. In Figure 6 (d), Nu at the right wall dramatically increases when l v .0:03, while the Nu at the left wall remains almost same as the value at l v = 0.
The effect of temperature slip is observed in Figure  7 . l t varies from 0 to 0.05, while the other parameters are fixed as R d = 10 À2 , Gr=Re = 50, Ha = 0:1, u R = 0:1, and l v = 0:01. With the increase in l t , the temperature profile shifts upward according to the presence of temperature jump at the boundaries, that is, the temperature difference is kept same. Figure 7(b) illustrates the sinusoidal velocity profile, which is robust against such change because the fluid motion in natural convection is affected by the temperature difference, not by the temperature itself. The effect of temperature jump on the wall friction and pressure gradient is presented in Figure 7 (c). Regardless of the change in l t , there is no meaningful change in the properties except small decrease in the pressure gradient. Moreover, the trends in Nusselt number profiles are almost identical with those in C f profiles (see Figure 7(d) ).
The system in Figure 1 is found in various solar energy applications such as the solar collectors 28 and thermo-syphon solar water heaters. 29 Therefore, the observations in this study are expected to be a key knowledge in designing the miniaturized solar energy absorbers, because all the non-dimensionalized parameters here are the major design parameters for that purpose.
Conclusion
In this study, we thoroughly investigated the laminar natural convection of highly radiatively active MHD flow in vertical micro-channel including the rarefaction effects represented as velocity slip and temperature jump. The different temperatures are assigned on both walls, and the governing equations were nondimensionalized by providing the diverse parameters (R d , Gr=Re, Ha, u R , l v , and l t ), which characterizes the 
